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IN MEMORIAM MARY GLAZMAN
We shall show that the Hecke order H of the dihedral group of order 2  pnD n
 1 over  q, q for an odd prime p is a projectively cellular order. We describe the
corresponding cell ideals and compute the extension groups between the corre-
 1 sponding cell modules; some are -torsion-free, some are  q, q -torsion-free.p
 Moreover, we show that H is a Brauer tree order to the tree  withD n
n1 Ž .central exceptional vertex of multiplicity p  p 1 2.  2001 Academic Press
1. INTRODUCTION
We first give the modified definition of a cellular order, which has
 already been applied in Ro97 to show that the integral group rings of the
dihedral groups of order 2  pn with p an odd prime are cellular.
Ž . q  1 DEFINITION 1.1 Cellular Order . Let    q, q be the ring of
integral Laurent polynomials with field of fractions q and let  be a
q-free q-order in a separable finite dimensional q-algebra A. The map
 is an q-linear anti-involution on . A two-sided ideal J of  is called
a cell ideal provided

q qJ is  -free with  -free quotient J,
1This research was partially supported by the Deutsche Forschungsgemeinschaft.
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 there exists a central primitive idempotent e of A, called a centralJ
primitive quasi idempotent of , such that q q J A  e is a simple J
q-algebra,
 J J, and

qthere exists a  -free left -ideal P in   e such thatJ
P is irreducible, i.e., q q P is a simple A-module,
Ž . Ž . q Ž . qE P  End P is  -freenote that E P is a  -order in a
skewfield, A  e being simple,J
Ž .P is free as right E P -module,
Ž .E P   e under the natural inclusion of diagonal matricesJ
Ž q .qEnd   P  A  e , J
Ž . Ž .E P  E P ;
Ž Ž . .these conditions guarantee that the twisted module P is an E P ,  -bi-
module.
We furthermore require that there is an isomorphism of -bi-
modules
 : J P P,EŽP .
making the following diagram commute
 
J P PEŽP .

 xyyx
 
P P.J EŽP .
The left -ideal P is said to be the cell module to J.
The cell ideal J of  is said to be projectiely cellular provided J is
projective as a left module over   e or equivalently, P is a projectiveJ
  e -module.J
The q-order  is said to be a cellular order, provided there is a chain of
2-sided ideals
0 J  J 	  	 J 	 J 0 1 i n
such that for 1
 i
 n the ideal JJ is a cell ideal in J underi i1 i1
the induced anti-involution.
If for the cellular order  all the cell ideals are projectively cellular,
then  is called a projectiely cellular order.
Remark 1.2. This definition is not equivalent to the original one of
   Graham and Lehrer GrLe96 , which was shown by Konig and Xi KoXi96¨
to be equivalent to the above definition provided A is split by q; i.e., all
Ž . q Ž .the rings E P coincide with the ground ring  . In this case, E P is
q Ž . Ž .automatically  -free, P is free over E P , and E P   e is alsoJ
automatic.
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Ž .With our definition cf. Definition 1.1 we are able to prove:
THEOREM 1.3. The Hecke order H of the dihedral group D of orderD nnn 2 Ž  . q2  p for an odd prime p cf. Ro98 is a projectiely cellular  -order.
 We explicitly describe the cell ideals and the corresponding cell modules
M , M , . . . , M , M , where M corresponds to the index representation,0 1 n n1 0
M to the sign representation, and for 1
 i
 n the module M is an1 i
‘‘ faithful’’ irreducible H module, where H is the Hecke order of theD Di i
dihedral group of order 2  pi. 3
 We compute the extension groups between the cell modules:
Ž .  41 For i j 1, . . . , n we hae
Ext1 M , M  Ext1 M , MŽ . Ž .H i j H j iD Dn n
Ž j. 1² :   X  X q , q ,p
Ž . n1 Ž .with  n  p  p 1 2. The latter module can be identified with the
ring of Laurent polynomials oer a quotient of the dual of the modular
n Ž .augmentation ideal of the cyclic group of order p cf. Proposition 2.4 .
Ž .  42 For i 1, . . . , n we hae
1   1  Ext M , M     Ext M , M   Ž . Ž .H i 0 i H n1 i iD Dn n
and
Ext1 M , M  0 Ext1 M , M ,Ž . Ž .H i n1 H 0 iD Dn n
where  is a primitie pith root of unity.i
Ž .3 Moreoer,
Ext1 M , M  Ext1 M , M  .Ž . Ž .H 0 n1 H n1 0D Dn n

q
qFinally we proe that the completed Hecke order   H is² p, q1:  D n
 the Brauer tree order to the Brauer tree  with the exceptional
Ž . n1 Ž . qertex in the centre of multiplicity  n  p  p 1 2. Here ²q1, p:
q ² :is the completion of  at the releant maximal ideal q 1, p , which
² :specializes modulo q 1 to the completion of  at p .
2 This odd prime will be fixed throughout this paper.
3One way of defining this would be that reduction modulo q 1 will give a faithful
irreducible D -lattice for the dihedral group D of order 2  pi. The explicit description of Mi i i
will depend on a numbering of a set of primitive orthogonal quasi idempotents.
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2. RECALL THE STRUCTURE OF HD n
 We recall from Ro98, Section 7 the structure of the Hecke order HD n
of the dihedral group of order 2  pn for an odd prime p. The ring H isD n
generated as a q-algebra by elements a and b subject to the relations:4n n
Ž .1 Quadratic relations,
x 2 q 1  x q  1 for x a , b .Ž . n n
Ž .2 Homogeneous relations,
k k na  b  a  b  a  b if p  2  k 1.Ž . Ž .n n n n n n
The algebra H is q-free with a semi-simple ring of quotients, isomor-D n
phic to the group algebra qD this follows from the description inn
 Ro98 .
  1DEFINITION 2.1. We put R    with      and  an n n n n n
primitive pnth root of unity; K is the field of fractions of R . Then Rn n n
Ž . n1 Ž . q q  has degree  n  p  p 1 2 over . We define R     n  n
q Ž . Ž 1 . qwith field of fractions K and put 	  1   1  and 	 n n n n n
Ž . Ž 1 . 5 qq   q  . The R -ideal 
 is generated by 	 and 
 denotesn n n n n n
q q Ž . nthe R -ideal generated by 	 . We write  X for the p th cyclotomicn n n
polynomial.
q Ž q.We denote by  the  -order in K generated by the irreduciblei i 2
two-dimensional representation, which is faithful for H as a quotient ofD i
H for n i 1.D n
Let us briefly pause to compare representations with algebra-quotients.
q Ž .Given a representation  of a and b over  , i.e., by matrices M a andn n
Ž . qM b of degree m satisfying the relations, then we have a  subalgebra
q Ž . Ž . Ž q. q   M a , M b Mat m, . This representation induces a  -
homomorphism of algebras 
 : H  . In case the representation  is D n6 Ž . qirreducible the map 
 is surjective and splits over  q  H . We  D n
Žshall in general identify  with . We point out though, that in general
. does not determine the representation .
4 Note that pn is odd.
5It is ery important not to confuse 	 and 	 q!n n
6 Ž . Ž .This means that the induced representation over  q is irreducible i.e., simple .
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 We recall from Ro98, Proposition 5.4 :
 PROPOSITION 2.2 Ro98 . For 1
 i
 n we hae
Rq 
 qi i
  .q qi ž /R Ri i
The Hecke order H will be described inductively as pull-back of theD n
order corresponding to the faithful representation  and the Hecken
order H . We set d  q1  a  b  H and putD n n n Dn 1 n
X p
n 1Ž .
1 R X   a  b .Ž . Ž . Ž .n n nX 1
Ž .The element d satisfies the relation R d  0.n n n
For the description of the Hecke order of dihedral groups, we need the
structure of the Hecke order H of the cyclic group of order 2.C2
 CLAIM 2.3 Ro98 . We hae the exact sequence
0 a  b  H  H  H  0,Ž .n n D D Cn n 2
where H is the pull-backC2
 qH C

2 , 
 
q  
with  and  reduction modulo q 1. Here q is the index representa-
tion and q the sign representation.
Moreoer, we hae a pull-back diagram
1 
2 H HŽ . D 2

n ,
 21
 2 
I C * I C * Ž . Ž .n nn
Ž . Ž Ž . . Ž .where I C *Hom I C , is the dual of the augmentation ideal I Cn  n n
oer  of the cyclic group C of order pn, and  is the projection of H inton n D n
the direct sum of all two-dimensional representations,7 and  : H   is1 D nn
the corresponding projection. The map  is reduction modulo the ideal1
generated by a  b .n n
7Note that q q H splits off the sign and the index representation to obtain the D n
q-algebra G , which consists of the two-dimensional representations. The order  is then n
projection of H into G .D nn
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For n 1 we put
pn11
i3  d  d  a  b R dŽ . Ž . Ž . Ž .Ýn n n n n n1 nž /i0
and
p1
n 1iptr  d ;Ýn nž /
i0
tr is the map induced by tr on H ; there it is given by multiplicationn n D n 1
with
4 p , p , . . . , p , q1 , q .Ž . Ž .Ž .Ž .n n
Ž  .We then have cf. Ro98 :
  Ž .PROPOSITION 2.4 Ro98 . The ideal I generated by  d is an ideal inn n n
Ž . cf. Proposition 2.2 ; it is gien byn

 q 
 qn n ² : ² :I   d  
  a  b  
 Ž . q qn n n n n n n ž /R 
n n
Ž . Ž n1 .with   n  p  1 2.
The Hecke algebra H is inductiely described by the following commuta-D n
tie diagram with exact rows and columns
0 0 0
  
   0 0 tr  H tr  H 0n D n Dn n1
     Ž .0  d  H H H 0 ,n n D D Dn n n1
     Ž .0  d     0n n n n n
  
0 0 0
where  is the pull-backn
         n n n

.

2  2  ² : ² :    X  X   X  Xn
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Here
Rq
  
 q
 q  
 n n n n n
  .q  q n ž /R 
 R 
n n n n
Since   H  tr  H , we can use our knowledge of  to de-n D n D nn 1 n1
scribe H  tr  H . We have the pull-back diagram for H fromD n D Dn 1 n1 n
p1 i i q qŽ .Claim 2.3; the element tr acts on H as Ý q , q  H    n 2 i0 2
and it acts on  as multiplication with p. We thus can identifyn1
 p   with  .n1 n1 n
3. THE CELL STRUCTURE
qŽ .By  n we denote the index representation; i.e., it is as module the
ring q with a and b acting as multiplication by q. Let H H n n D Dn n
Ž Ž . qŽ .  qqH  q   n . Then H is a finitely generated  -torsion-D  Dn n
free module. Since H is q-free and since q is regular of dimension 2,D n
we conclude that the kernel of the natural map H  H is isomorphicD Dn nqŽ . qto  n . We let  :   H be the induced injection.n D n
We then have a commutative diagram with exact rows
5Ž .
nq    0  n H H 0Ž . D D

n n

.

n

qq  I C *  0 q  q 1  0 Ž .Ž . Ž .Ł ni
i1
Ž . Ž . ² : 8 Then Ker   Ker   a  q, b  q . Moreover, H is the pro-n n D n
jection of H onto all representations except the index representationD n
q. The H -linear map  can be described explicitly byD nn
pn1 n1
i1 d  a  1   q  q 1 , 0, . . . , 0 .Ž . Ž . Ž .Ý Łn n iž /ž /ž / i1i0
We observe that
pn1n n
i q q  q and so    q  I C *.Ž . Ž . Ž .Ł Ý Łi i n¦ ;
i1 i1i0
8 Ž .For the definition of I C * we refer to Claim 2.3.n
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Moreover,
pn1
i qq , q 1  Ý¦ ;
i0
q ² n Ž . Ž .:and so the pull-back defining   Ł  q  q 1 is a direct sum:i1 i
n n
q q   q  q 1    q  I C *Ž . Ž . Ž . Ž .Ł Łi i n¦ ; ¦ ; .i1 i1

 n
qq ² :    q , q 1  0  q 1   Ž . Ž .Ł i¦ ;
i1
We have a commutative diagram
6Ž .
nq    Ž .0  n H H 0D Dn n
  
,
n
n1q    Ž .0  n 1 H H 0D Dn 1 n1
 where the map  has cokernel   .n n
CLAIM 3.1. Let
Rq 
 qn n Žn.J  
  .q qn n ž /R 
n n
Then we hae a commutatie diagram with exact rows
     0 J H H 0n D Dn n1
 
 tr trn n
q    0 J   0n n n
where  is gien as pull-backn
 1 q  q² :R  
 q , q 
 
  
n n n n n n  1  1² : ² :ž /R  
 q , q R  
 q , qn n n n


2  ² :   diag 0,  X  X .diag 0, Ž . Ž .pn
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  1Ž Ž ..The maps tr and tr are reductions modulo p, p, . . . , p, q , wheren n
q Ž the last coordinate is the sign representation  cf. Ro98, Proposi-
.tion 7.2 .
Ž .Proof. Using the commutative diagram 6 we conclude that we have a
commutative diagram with exact rows and columns:
0 0 0
  
q p    Ž . Ž .  0 0  n  n 1  n
     
0 I H H 0 .n D Dn n1
  
    0 J H H 0n D Dn n1
      0 0n
Q.E.D.
We next define an anti-involution  on H as follows:D n
DEFINITION 3.2. The map  is the identity on the one-dimensional
representations. On the two-dimensional representations it acts as
x 	 q  y x 	 q   i i i i i iq q7 :   :  ,Ž . i i i  w y wž / ž /i i i i
8 for x , y ,  , w  Rq .Ž . i i i i i
We have to verify that  is compatible with the amalgamations.
˚ 4LEMMA 3.3. The anti-inolutions i define an anti-inolution  on H .D n
Proof. We shall use induction on n. For n 1 we have the commuta-
tive diagram
   
0 I H H 01 D 21
  
,
q      0 I       01 1 p p
where

 q 
 q Rq 
 qp p p pqI  and   .q q q q1 1R 
 R Rž / ž /p p p p
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Then surely  is the identity modulo I and so  induces an anti-involu-1
tion on H .D1
We now proceed with the induction according to the diagram from
Proposition 2.2, which shows that  is indeed an anti-involution on H .D n
Q.E.D.
We thus have provednoting that the ideal J is projective for thei
order  i
THEOREM 3.4. The Hecke order H of the dihedral group of order 2  pnD n  1 for an odd prime p is a projectiely cellular  q, q -order with anti-inolu-
tion  from Definition 3.2 with cell ideals:
J   q , J , . . . , J , . . . , J , J  q.Ž .n1 n n i 1 0
 Ž q q. t rqMoreoer, J M  M with M  R , R for 1
 i
 n and M i i R i i i i 0i
q and M  q. The modules M together with J and J are then1 i 0 n1
cell modules for H .D n
4. THE BRAUER TREE STRUCTURE OF HD n
The aim of this section is to derive the Brauer tree structure of HD n  q qfrom the results in Ro98 . We denote by  the completion of  at²q1, p:
² :the maximal ideal q 1, p , which specializes to the completion of  at
² : q qp . We shall now describe   H as a Brauer tree order to²q1, p:  D n
 the tree  with exceptional vertex in the center.
Ž .DEFINITION 4.1. 1 Let
q q q     c   ,  , . . . ,            ,Ž .n n n1 1 n n1 1
Ž .2 and let
q q 1 q q q   c  c  R  R   Rn n n n n1 1
and
q ² 1 : q  c  q  c  q .Ž . Ž . n n n n
Ž . q q Ž .LEMMA 4.2. 1 We hae an isomorphism    I C *, the dual ofn n n
the augmentation ideal of the cyclic group of order pn.
Ž .2 The ring  from Claim 2.3 is isomorphic to the ringn
q  qn n .q qž / n n
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Ž .3 We put
0 
 q ,
 q , . . . ,
 qŽ .q n n1 1    .n nž /1 0
Ž .In the description of the Hecke order H in Diagram 2 in Claim 2.3 theD n
map  is gien by reduction modulo  q.2 n
Ž . q q4 Moreoer, the Hecke order   H is the Brauer tree² p, q1:  D n
 order to the Brauer tree  with the exceptional ertex in the center
q q Ž . n1qcorresponding to    which has multiplicity  n  p ² p, q1:  n
Ž .p 1 2.
Proof. Let us put C qq q. Then we have a commutative diagramn n
with exact rows
  q  ² :   Ž .0 c  q  c I C * 0n n n   .
q q q   0   C 0n n
The first exact sequence is a consequence of the commutative diagram in
  q Ž .Claim 6.5 in Ro98 . The map C  I C * is injective and it is surjectiven
² : q q provided X c  q    c . However, we have the followingn n n
chain of implications:
c  c1  q c  X q c1  X 1 q1  c1  XŽ .Ž .n n n n n
 q1  c1  X c1  X c  X .n n n
q Ž .We thus conclude C  I C * and the first statement is proven.n
As for the second part, we shall be using induction on n. For n 1 the
Ž  .statement is clear cf. Proposition 5.4 from Ro98 . For the induction we
Ž .consider the commutative diagram with exact rows, with   n 
Ž n1 .p  1 2:
pn11
i  q q   0 c  c   0Ý n n1ž /i0
  
 q     0 
 R  X X 0n n q
We now have to do a similar construction as in Section 3 replacing q
by H .2
We have an exact sequence
n c   0 H n H H 0,Ž .2 D Dn n
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where H c is the projection of H onto all two-dimensional representa-D Dn n
tions. The map  is defined asn
pn1 n n
i 11 d  0, . . . , 0,  q ,  q .Ž .Ž .Ý Ł Łn i iž /ž / i1 i1i0
Hence we have a commutative diagram
n c   Ž .0 H n H H 02 D Dn n
  
,
n
n1 c   Ž .0 H n 1 H H 02 D Dn 1 n1
   where the map  has cokernel      .n n n
To finish the argument we note
CLAIM 4.3. Let
Rq 
 qn n Žn.K  
  .q qn n ž /R Rn n
Then we hae an exact sequence
  c  c 0 K H H 0.n D Dn n1
Proof. This is done similarly as the proof of Claim 3.1.
Q.E.D. of Claim 4.3
Now the second part of the statement follows easily.
As for the third, we observe that almost by construction,
q 1  q q  H .Ž . Ž . 2
² :However, if we complete at the ideal p, q 1 , then q 1 becomes a
unit, since p 2. Hence
q  q H  q  q .² p , q1:  2 ² p , q1: ² p , q1:
Q.E.D. of Lemma 4.2
5. EXTENSIONS OF THE CELL MODULES
DEFINITION 5.1. Let us denote by e and e the primitive central0 n1
Ž . qidempotent in  q  H of the sign- and the index-representation D n
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resp. and by e the primitive central idempotent corresponding to thei
Ž q.representation in K for i 1, . . . , n. Correspondingly we put  i 2 i
 4H  e for i 0, . . . , n 1. Moreover, for i j 0, . . . , n 1 we putD in
Ž .  H  e  e ; we note that   . The modules M are thei, j D i j i, j j, i in
cell modules from Theorem 3.4.
Ž .  4THEOREM 5.2. 1 For i j 1, . . . , n we hae
1 1 Ž j. 1² : Ext M , M  Ext M , M   X  X q , q .Ž . Ž .H i j H D j i pD n n
The latter can be identified with the ring of Laurent polynomials oer a
quotient of the dual of the modular augmentation ideal of the cyclic group of
n Ž .order p cf. Proposition 2.4 .
Ž .  42 For i 1, . . . , n we hae
1   1  Ext M , M     Ext M , M   Ž . Ž .H j 0 n H n1 j nD Dn n
and
Ext1 M , M  0 Ext1 M , M .Ž . Ž .H n n1 H 0 jD Dn n
Ž .3 Finally
Ext1 M , M  Ext1 M , M  .Ž . Ž .H 0 n1 H n1 0D Dn n
The proof will be done in several steps.
Let us start by sketching the strategy of the proof:
Ž .1 There is one ingredient which we shall use over and over again:
CLAIM 5.3. Let e be a central quasi-idempotent9 in  H and assumeD n
that X and X are CohenMacaulay   e-modules. Then1 2
Ext1 X , X  Ext1 X , X .Ž . Ž . 2 1 e 2 1
Ž .2 First we reduce to the case i n.
Ž . Ž .3 Next we recall that H is projectiely cellular cf. Definition 1.1D n
and henceas a left modulewe hae  M N , where M is the celli i i i
module from Theorem 3.4.
Ž . 1 Ž .4 We are thus reduced to the calculation of Ext  ,  . This isH n jD n
done by explicitly exhibiting a projectie resolution for  as an H -modulej D
n1 Ž . 1 Ž .and keeping track of Ext M , M  Ext  ,  .H n j H n jD Dn n
Ž . 1 Ž . 1 Ž .5 For the latter we show that Ext M , M  Ext M , M andH n j  n jD n, jn
9 This means a central idempotent in the total ring of fractions of .
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Ž .6 describe  as a pull-back of  and  .n, j n j
Ž .7 Finally we use the anti-inolution  to show that for i j
 41, . . . , n we hae
Ext1 M , M  Ext1 M , M .Ž . Ž .H i j H j iD Dn n
We shall now follow these steps.
5.1. Proof of Claim 5.3. Given an extension of -modules
: 0 X  X X  0.1 2
Then K  is split exact and hence K X is a A  e-module. But thenR R
X is a   e-module. Moreover, the sequence is split as an -sequence if
and only if it is split as an   e-sequence. Q.E.D.
5.2. Reduction to i n. The cell module M for H is a also a celli D n
module for H . Since we have assumed that i j the cell module M forD ji
H is also a cell module for H . We now apply Claim 5.3 to conclude thatD Dn i
Ext1 M , M  Ext1 M , M ,Ž . Ž .H i j H i jD Dn i
provided j i.
1 Ž .5.3. The Calculation of Ext  ,  . We have the projective resolu-H n jD nŽ .tion cf. Proposition 2.4
9 0 tr  H  H   0.Ž . n D D nn n
Hence
Ext1  ,  Hom tr  H ,  Hom H ,  .Ž . Ž . Ž .H n j H n D j H D jD D n D nn n n
However, every map from tr  H to  factorizes via tr  H  e . Sincen D j n D jn n
Ž .j 0, Eq. 4 shows that tr  H  e  p   . We concluden D j jn
CLAIM 5.4. For 1
 j n we hae
Ext1  ,   p1     p   .Ž .H n j j j j jD n
5.4. Description of  as pull-back.i, j
LEMMA 5.5. We hae a pull-back for 1
 j n,
1 
 n , j j

 1 2 2 
 p   j jn
Ž . Ž . Ž i.with Ker   p   and Ker   
 .2 j 2 n
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Proof. We recall that for 1
 i
 n the element d acts on  as an i
Ž 1 .matrix similar to the diagonal matrix diag  ,  . We thus conclude thati i
Ž . p1 ip n 1 Ž .the element tr d Ý d acts on  as 0, p . On the othern n i0 n n, j
Ž . p1 ip j1hand, the element tr d Ý d acts as a matrix similar toj n i0 n
Ž Ž Ž . Ž 1 .. .diag tr  , tr  , 0 .j n j n
² Ž .: Ž . Ž .We thus conclude that tr d  Ker  and hence p    Ker  .n n 1 j 2
² Ž .: Ž .Moreover, tr d  Ker  . Since d is a unit in H we have anj n 1 n D n
equality:
tr dŽ .j n² :tr d  .Ž .j n Ž p1.2¦ ;dn
Ž . Ž p1.2 qBut the element tr d d is central on  , so it lies in R . Aj n n n n
simple calculation shows that
tr dŽ . j1j n p Ž p1.2 Ž j. 
  
 .n nŽ p1.2¦ ;dn R n
Ž . Ž . Ž i.Up to now we have shown that Ker   p   and Ker   
 .2 j 2 n
Ž . Ž .So let K  Ker  and K  Ker  . We shall now use the exactj 2 n 2
sequence
0 K    0j n , j n
to compute
Ext1  ,  Hom K ,   .Ž . Ž . n j  j j jn , j n , j
On the other hand, we know, using Claim 5.3, by Lemma 5.5, that
1 Ž . 1Ext  ,   p    . Thus we conclude that K  p   and n j j j j jn, j
K  
 Ž j.. Q.E.D.n n
1 Ž .  45.5. The Commutatiity of Ext M , M for i j 1, . . . , n . We canH i jD n
use the pull-back diagram from Lemma 5.5 to calculate for 1
 j n the
1 Ž . Ž .group Ext M , M noting that Ker  is a principal ideal generatedH j n 1D n
by a central elementas
Ext1 M , M  
 Ž j.     p   .Ž .H j n n n n j jD n
1 Ž .5.6. The Calculation of Ext M , M . We note that by Claim 5.3H 0 n1D n
we have
Ext1 M , M  Ext1 M , MŽ . Ž .H 0 n1 H 0 n1D 2n
and
Ext1 M , M  Ext1 M , M .Ž . Ž .H n1 0 H n1 0D 2n
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The pull-back diagram from Claim 2.3 then shows that both groups are
isomorphic to .
1 Ž .5.7. The Calculation of Ext M , M . As in the arguments in Subsec-H 0 jD n
tion 5.2 one reduces to the case where we have to compute the groups
Ext1 M , M , Ext1 M , MŽ . Ž .H 0 n H n1 nD Dn n
Ext1 M , M , Ext1 M , M .Ž . Ž .H n 0 H n n1D Dn n
LEMMA 5.6.  is the pull-backn, n1
1 
 n , n1 n

.
 21
 2q     n
Ž . Ž .The amalgamation here is ia the 2, 2 position of  cf. Claim 3.1 , andn
1 Ž .  Ext  ,     .H n n1 nD n
Moreover,  is the pull-back0, n
 q 0, n

.

q     nn
Ž . Ž .The amalgamation here is via the 1, 1 position of  cf. Claim 3.1 , andn
1 Ž .  Ext  ,     .H n 0 nD n
Ž .Proof. We use the projective resolution from Eq. 9 and the argu-
ments from the proof of Claim 5.4 to conclude
1   1  Ext  ,     and Ext  ,     .Ž . Ž .H n n1 n H n 0 nD Dn n
Using this and considerations similar to the arguments in the proof of
Lemma 5.5 we get the description of  and  as the above0, n n, n1
pull-backs. Q.E.D.
Now we have a decomposition  M N , where N is projectiven n n n
Ž .for  and M is projective for  cf. Claim 3.1 . In addition, the0, n n n, n1
module M is injective in the category of Cohen Macaulay modules forn
 and the module N is an injective Cohen Macaulay module forn,0 n
 . Thus, using again Claim 5.3, we haven, n1
1   1  Ext M , M     Ext M , M   Ž . Ž .H n 0 n H n1 n nD Dn n
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and
Ext1 M , M  0 Ext1 M , M .Ž . Ž .H n n1 H 0 nD Dn n
This completes the proof of Theorem 5.2. Q.E.D.
REFERENCES
  Ž .GrLe96 J. J. Graham and G. I. Lehrer, Cellular algebras, Inent. Math. 123 1996 , 134.
 KoXi96 S. Konig and Chang-Chang Xi, On the structure of cellular algebras, preprint¨
96-113, Sonderforschungsbereich 343, Diskrete Strukturen in der Mathematik,
1996.
 Ro97 K. W. Roggenkamp, The cell-structure of integral group rings of dihedral groups,
An. Uni . Oidus Constanta Ser. Mat., in press.
   Ro98 K. W. Roggenkamp, The structure over  q, q of Hecke algebras of dihedral
Ž .groups, J. Algebra 224 2000 , 345396.
